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Application of the Finite Element Method to
Postbuckling Analysis of Laminated Plates
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Based on the von Karman large deformation assumptions, a 72-degree-of-freedom high-precision higher order
triangular plate element using a simplified higher order shear deformation plate theory is developed for the analysis
of postbuckling behavior of a composite laminated plate subjected to edge shortening or in-plane compressive
loading. By examining the local minimum of total potential energy of each mode, a clear picture of buckled pattern
change is presented. Results show that the buckled pattern change may occur for plates with certain material
properties and boundary conditions. The important transverse shear effect on the buckled pattern change is also
presented. It shows that the buckling mode will shift from first to second mode shortly after buckling occurs if the
transverse shear deformation is included.

Nomenclature
D = bending rigidity
E\, E2 = Young's modulus referred to principal material

direction
Gtj = shear modulus
[H] = Hessian matrix of plate system
h = plate thickness
[Ki] = linear stiffness matrix of plate
[£/] = linear element stiffness matrix
[Kt] = tangent stiffness matrix
L = width of plate
Nx = in-plane loading induced by edge shortening
[Ni] = first-order nonlinear stiffness matrix of plate
[N2] = second-order nonlinear stiffness matrix of plate
[«!] = first-order nonlinear element stiffness matrix
[w2] = second-order nonlinear element stiffness matrix
[P] = consistent load vector
p = in-plane loading
/?cr = critical buckling load
{Q} = total degree of freedom
Qij = transformed reduced stiffness
{q} = element degree of freedom
U = total strain energy of the laminate
172 = strain energy of quadratic form
t/3 = strain energy of cubic form
t/4 = strain energy of quartic form
u,v,w = displacement fields in the x, y, z directions
Wc = work done by conservative force
x, y, z = global coordinates system
6ij = strain components
v/y = Poisson modulus of lamina
£,77 = local coordinates system
n = total potential energy
atj = stress components

Subscripts
0 = uniform in-plane displacement
/ = derivative with respect to the variable

Superscripts
b = deflection due to bending deformation
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s = deflection due to shear deformation
T = transpose of a vector or matrix

Introduction

IT is known that a plate is capable of carrying a much increased
load after buckling without failure. Therefore, it is necessary to

consider the behavior of the plate after buckling, i.e., the postbuck-
ling behavior, to fully utilize the strength of the plate and to reduce
weight of plate material. A precise analysis of postbuckling behavior
is quite difficult due to the use of the nonlinear plate theory and to the
buckled pattern changes that occur in the buckled state. Trie buckled
pattern change, which is often encountered in experiments, occurs
when the energy stored in the plate is sufficient to carry the plate
from one buckled pattern to another. In most postbuckling analyses,
the buckled pattern of the plate is assumed to remain unchanged.
This is only a reasonable assumption in the immediate vicinity of the
buckling load. To obtain a detailed analysis of plate response over a
wide postbuckling load range, changes in buckling pattern must be
taken into consideration.

An early discussion of buckled pattern change was presented by
Stein1 for a three-bar-column model subjected to axial compressive
load. In his subsequent paper,2 he considered buckled pattern change
for the postbuckling analysis of isotropic plates with various aspect
ratios. He concluded that the intersection of the load-shortening
curves indicates possible changes in buckled pattern. The postbuck-
ling behavior of composite plates has been discussed by various
investigators.3"9 Among these studies, the postbuckling behavior
with no buckled pattern change assumption usually concerns the
relation of in-plane compressive force vs transverse deflection or in-
plane compressive force vs buckled bending stress. Chia10 in 1988
reviewed geometrically nonlinear behavior of composite plates and
pointed out that the buckled pattern change may occur if p/pcr is
greater than 3.0. Recently, Shin et al.11 proposed a different ap-
proach to examine the buckled pattern change. He compared the
magnitude of the total potential energy of each buckling mode. The
mode which has the minimum value of the total potential energy is
assumed to represent the actual buckled pattern. However, he only
checked the first variation of the total potential energy, which may
not necessarily give the local minimum of the total potential energy.

Based on von Karman large deformation assumptions, a 72-
degree-of-freedom (DOF) high-precision triangular plate element
developed in Ref. 12 is extended to study the postbuckling behav-
ior of a composite laminated plate subjected to edge shortening or
in-plane compressive load. This plate element was developed based
on a simplified higher order shear deformation plate theory that sat-
isfies zero transverse shear stress conditions on the free boundary
planes and does not require a shear correction factor. The element
presents no shear locking problem12 due to the assumption that the
total transverse displacement of the plate is expressed as the sum of
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the displacement due to bending and that due to shear deformation.
The results obtained by this element for free vibration analysis of
various composite laminates12 are in excellent agreement with those
obtained by using three-dimensional elasticity and other solutions.

Formulations
Simplified Higher Order Plate Theory

Consider a laminated plate as shown in Fig. 1. The total trans-
verse displacement of the plate is assumed to be the sum of the
displacement due to bending alone and that due to shear deforma-
tion alone,

w(x,y,z) = wh(x,y) + ws(x,y) (1)

where wh and ws denote the displacements of the midplane due to
bending and shear deformation, respectively.

The in-plane displacements can also be expressed as the sum of
the displacements due to bending and shear deformation,

u(x, y, z) = u0(x, y) + ub(x, y, z) + M*(*, y, z) (2a)

v(x, y, z) = v0(x, y) + vh(x, y, z) + tf(x, y, z) (2b)

in which MO and VQ are the uniform in-plane displacement compo-
nents of the plate. The in-plane displacements ub and vb due to
bending follow the Kirchhoff hypotheses and vary linearly through
the thickness. The in-plane displacements us and vs due to shear
deformation are assumed to vary cubically through the thickness so
that the zero transverse shear strain conditions at the free surfaces are
satisfied, and the transverse shear stresses are varied parabolically
through the plate thickness. Based on these assumptions, the in-
plane displacements may also be expressed in terms of wh and w* as

dwb 4z3 3w"— ——= uo-z^--^-^- (3a)

X*,y,z) = wo-
_dwb
: 3y ^^ Ob)

where h is the plate thickness.
Adopting the von Kdrman large deflection assumptions, the

strain-displacement relations can then be determined from those
displacement functions as

«3x
32wb

: 3x2

32wb 4z3 a2iy-v
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32wb Sz3 32ws
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The total strain energy of the laminated plate is

•}r{e}di; (5)

where the stress vector {cr} and strain vector [e] are defined as

{er}r = (ai a2 cr4 cr5 cr6) (6a)
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Fig. 1 Geometry of laminated plate.

For a composite laminated plate with n layers, the stress-strain rela-
tion of kth layer of the plate can be expressed in the plate coordinate
system13

where Qy are the transformed reduced stiffnesses. By substituting
Eqs. (4) and (7) into Eq. (5), the total strain energy of a composite
laminated plate can be expressed as the sum of quadratic, cubic, and
quartic displacement functions as

U = U2 + U4 (8)

where

^2 = ^
T[B]{K] + 2{L}T[E]{I]

+ {K}T[D]{K} + 2{L}T[F]{K] + {L}T[H]{L}

+ {M}T[A]{M} + 2{N}T[D]{M} + {N~ ~

f/3 = ^ f(2{J}T[A]{I} + 2{J}T[B]{K}
z JA

+ 2{/}r[^{L})ch:dy

{M}= ;; , w = <

(Ay, BIJ, Djj, EIJ, FIJ,

, (/} =

«".*«>,>

('• ; = L 2, 6)

fi,;(l,z2,z4)dz (i ,y=4,5)
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The work, due to the in-plane loading p(x, y) integrating over the
side of the element along which the load is applied, is given as

We = u(x, (9)

and the total potential energy of the laminate is then expressed as

n = U-W (10)

The nonlinear equilibrium equation of the laminated plate can be
derived by taking first variation of the total potential energy n of
the plate as

8n =0 (11)

and the Hessian matrix of the laminated plate is obtained by taking
second variation of the total potential energy of the plates as

[H] = 82n (12)

If the eigenvalues of the Hessian matrix are all positive, then the
system is in a stable equilibrium state with its total potential energy
in a local minimum stage.

Finite Element Formulation
Consider a 72-DOF triangular element with thickness h as shown

in Fig. 2. The lateral displacement within this element is assumed to
be the sum of the displacement due to bending and that due to shear
deformation. For simplicity, the four displacement functions for the
in-plane, bending, and shear deformation are assumed to have the
same form. These displacement function for u,v,wb, and ws can be
expressed in the local £—77 coordinate system as a polynomial to the
complete fifth order of § and 77, excluding the term %4rj. Omitting the
term %4r) is to ensure that the slope normal to the edge 77 = 0 varies
cubically along £, so that the normal slope compatibility along this
edge is satisfied:

(13a)

20

/ •=i
20

(13b)

(13c)

(13d)

DOF:
v v e v.t

where

nn = (0, 1, 0, 2, 1, 0, 3, 2, 1, 0, 4, 3, 2, 1, 0, 5, 3, 2, 1, 0)

m = (0, 0, 1, 0, 1, 2, 0, 1, 2, 3, 0, 1, 2, 3, 4, 0, 2, 3, 4, 5)

and a/., $, y,-, ?/ are constants to be determined by using conditions
at nodal points. By following the procedure described in Ref. 14,
the displacement functions with reference to the global coordinate
can be expressed in terms of the element nodal displacement vector
{q}. Substituting the displacement functions in Eqs. (13) into Eq. (8)
and integrating over the plate element, the total strain energy of an
element can be expressed as

ue = + d4)
with

in which the matrices [R] and [J] are given in Ref. 14, matrices [&/],
[iii], and [n2] are the linear, first-order, and second-order nonlinear
stiffness matrices, respectively, and can be written in the following
matrix form as

kipp kipy

kiyf) klyy

/ 0
0

"lya

\*1<a

0

0

H^
nhe

"la

"If

n\Y
nh

:

0 0 0 0 \
0 0 0 0
0 0 n2yy n2n

0 0 n%y n2^ /

(15a)

(15b)

(15c)

where

d2U2 n2u =

The details of the linear stiffness matrix kiu is given in Ref. 12 and
the elements n\n and w2y are given explicitly in the Appendix.

By substituting Eqs. (13a) and (13b) into Eq. (9), and integrating
along the loading edges of the plate element, the consistent load
vector {p} is obtained as

[pf] = (16)

where the matrices [R2] and [T2] are submatrices of [R] and [71,
and the column vector {pw} is expressed as

Fig. 2 Coordinate system of triangular plate element.

On assembling all element stiffness matrices and load vectors and
applying kinematic boundary conditions, the statically nonlinear
equilibrium equations may be written as

(17)

In the present study, the Newton-Raphson method is applied to solve
this nonlinear system equations.
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Fig. 3 Center deflection vs in-plane force of square isotropic plates
subjected to edge shortening.
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Fig. 4 Postbuckling behavior of square laminates with simply sup-
ported subjected to in-plane loading.
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Fig. 5 Postbuckling behavior of square isotropic plate with unloaded
edges, stress free: —, NXL2/D; A, A/A0.

Numerical Results and Discussions
In the following analysis, the plate is modeled by using a 4 x 4

mesh with 32 elements. The material property for the laminates is
Ei/E2 == 26.5, G12 = On = G23 = 1.184E2» and, vn = 0.21. For
the purposes of validation and comparison, the present computer
code is first used to analyze a square, simply supported isotropic
plate subjected to edge shortening which is identical to the one
analyzed by Yamaki3 using the analytical method. The results are
presented in Fig. 3. It is seen that the results obtained by the present
finite element method agree quite well with the analytical solution.
Further, the postbuckling behaviors of two asymmetric cross-ply
laminates studied by Chia15 are also analyzed here, and the results
are depicted in Fig. 4. The finite element results are in good agree-
ment with those obtained by the series solution.
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Fig. 6 Postbuckling behavior of square isotropic plate with unloaded
edges kept straight: —, NXL2/D\ A, A/A0.
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Fig. 7 Postbuckling behavior of square laminate with unloaded edges
stress free.

Postbuckling of Square Plate Subjected to Edge Shortening
The results shown in Figs. 5 and 6 are the postbuckling behavior

curves of a square isotropic plate with edge displacements vs in-
plane forces and eigenvalues. Note that Nx is the in-plane force
induced by the edge shortening in the x direction, X is the minimum
eigenvalue of the Hessian matrix, and XQ is the minimum eigenvalue
of the Hessian matrix for a plate without edge shortening. The loaded
edges of the plate are kept straight. The other two edges are stress
free for the plate in Fig. 5 and kept straight for the plate in Fig. 6. The
results from Ref. 4 are also shown in the figures as open rectangles
for comparison purpose. The lines AB, BC, BD, and GE represent
the load-shortening curves, and their corresponding curves ab, be,
bd, and ce are the lowest eigenvalues of the system in its equilibrium
state. As the load is increased from zero, the plate remains flat until
the load reaches point B. At this bifurcation point, the plate will
buckle into first buckling mode due to the equilibrium state of the
flat plate becoming unstable. It is also evident from the lines be and
bd that the lowest eigenvalue of the system for the unbuckled plate
is negative and for the first buckling mode is positive. After buck-
ling, the plate in Fig. 6 is stiffer than the plate in Fig. 5 due to the
in-plane edge constraint of the plate in Fig. 6. Therefore, the slope
of line BD in Fig. 6 is higher than that in Fig. 5. If the load is further
increased beyond point F in Fig. 6, the plate will remain in the first
buckling mode even though the load required to maintain the plate
in the first mode is higher than that in the second mode. This is.
due to the fact that the system is in stable condition at this moment
and the buckled pattern it will have is dependent on the previous
deformed buckling shape. However, if there is enough external dis-
turbed force, the buckling mode of the plate may shift from the first
mode to the second, i.e., the total potential energy may jump from
one local minimum point to another. Figure 7 shows the postbuck-
ling behaviors of [0/90], and [±45]A. laminates. It is seen that both
laminates possess the same characteristics as those just stated for the
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Fig. 8 Postbuckling behavior of square isotropic plate.
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Fig. 9 Postbuckling behavior of square angle-ply [45/ — 45]s laminate.
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Fig. 10 Postbuckling behavior of square cross-ply [0/90]s laminate.

isotropic plate. From the trends of the eigenvalue curves (not shown
in the figure), the second buckling mode of the [0/90].v laminate is
always unstable.

Postbuckling of Square Laminate Subjected to In-Plane Loading
Usually, a square plate will buckle into, and remain in, the first

buckling mode without a buckled pattern change if the load is grad-
ually increased and there are no external disturbed forces. However,
for some plates with certain material properties and boundary con-
ditions, the first buckling mode may become unstable and the buck-
led pattern change may occur. Figures 8-10 show the postbuckling
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Fig. 11 Postbuckling behavior of square isotropic plate with clamped
boundary condition.
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Fig. 12 Postbuckling behavior of square laminate [45/ — 45]s with
clamped boundary condition.

behaviors of square plates subjected to uniaxial in-plane uniform
load. The four edges are not necessarily kept straight. The plates
with simply supported boundary conditions show the same post-
buckling characteristics as those discussed in the preceding section
for the edge shortening plates. But the isotropic and [±45]i¥ lami-
nated plates with clamped edges display a different postbuckling be-
havior. When the in-plane load reaches the buckling load, the plates
buckle into the first buckling mode. As the load is further increased
to a certain value, the plate becomes unstable and the buckled pattern
change occurs. The buckling mode of the plate is now shifted from
the first mode to the second. The plate will remain in the second mode
until the loading change causes the plate to become unstable again.

Transverse Shear Effect on Postbuckling Analysis of Square Plate
It is known that transverse shear has a significant effect on the me-

chanical behavior of a thick plate. Figures 11 and 12 show the effect
of transverse shear on the buckled pattern change of the aforemen-
tioned isotropic and [±45]A. laminated plates with clamped edges.
The results obtained using thin plate theory are also presented to
indicate the extent of the transverse shear effect. It is seen that the
buckled pattern change will occur earlier if the transverse shear de-
formation is included. The thicker the plate is, the earlier the buckled
pattern change happens. For the [±45]s laminate with L/h = 10,
the buckled pattern is changed from the first mode to the second
shortly after the buckling occurs. This may be attributed to the fact
that the transverse shear deformation will reduce the lateral stiffness
of the plate which, in turn, shifts the point of bifurcation to the left
in the deflection-loading curve.



2384 SHIAUANDWU

Conclusions
Based on von Ktonan deformation assumptions, a 72-DOF high-

precision triangular plate element using a simplified higher order
shear deformation plate theory is developed for the analysis of
postbuckling behavior of isotropic and composite laminated plates
subjected to edge shortening or in-plane compressive load. By ex-
amining the local minimum of total potential energy of each mode,
a clear picture of buckled pattern change may be seen. From the
present results, the following conclusions can be made.

1) By checking the eigenvalues of the Hessian matrix of plate,
the instability behavior of plates after buckling can be determined
clearly.

2) The combination of loading type (edge shortening or uniform
loading), material properties, and boundary conditions influences
the trends and the occurrence of the buckled pattern change.

3) The buckled pattern change will occur earlier if the transverse
shear deformation is considered. The thicker the plate is, the earlier
the buckled pattern change happens.
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Appendix: Elements in
Nonlinear Stiffness Matrices

(«2xx),v = KJy = K?),V =
*=! /= !

x {3Anmimjmkmi3>(mijki - 4, /i,7«)

+ 3A3i [(miHj + nimj)mkmi + m/

x'4>(my« -3, nijkl - 1)

+ (2A33 + A2i)[(m/n/ + /i/

ijki - 2,nijki - 2)

. nijki ~ 4)

nijki — 3, HUM — 1)]

+ (2A33 + A2)i)(mt-«7- + nimj)$>(mijkl - 2, nijki - 2)

i2'n/nj4>(ml7W - 1, nijkl - 3)]}

in which

= ni

, w) = ' [ j $mrjn = cn+l(am+1 -

si = mk(mk - l)m/m7-O(m/^ - 4, nijk)

s2 = mk(mk - l)ninj$>(mijk - 2, nijk - 2)

s3 = mk(mk - l)(m;rc; + n/m7-)<E>(ml7Jk - 3, nijk - 1)

54 = nk(nk - l)mt-m7-4>(m/7Jk - 2, nijk - 2)

ss = nk(nk - l)ninj&(mijk, nijk - 4)

s6 = nk(nk- I)(mz-n7- +nimj)&(mijk - 1, nijk - 3)

s1 = 2mknkmimj®(mijk - 3, ny* - 1)

s9 = 2mknk(minj + mjnj)$(mijk - 2, rc/7* - 2)

i + m/ - 2)<b(mijk - 4, 7iyjk)

J>(m/7Jt - 2, ny* - 2)

= {w*[w/(m/ - l)ny +nimj(mj - 1)]

+ nkmimj(mimj - 2)}$>(mijk - 3, n,7Jt - 1)

= mk[ni(ni - l)my + m,-n/(/i;- - l)]4>(m/7Jt - 2, /iyjk - 2)

^5 = nkninj(ni -h n7- - 2)4>(m/yA, nl7Jk- - 4)

inj(ni + HJ - 2) + nk[ni(ni - l)m;-

l7* - 1, /ivjk - 3)

imj(ni + nj)®(mijk - 3, nyft - 1)

- l,nijk - 3)

x$>(mijk-2,nijk-2)
20

l7Jk - 3, n/yjt)
-) +nkmimj}$>(mijk - 2,

l,nijk - 2)

nijk - 3) 4-

-l,-/Iy*
• 20

- 3,

- 1, n/# - 2)

imj$>(mijk - 2

x <&(mijk, nijk - 3)

20

fbs2 = fbb3 = E3ls3

(m • E33Sg)
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20

= uk[Anmkmimj®(mijk - 3, nijk)

- 1 , nijk - 2)

x &(mijk - 2, nijk -

x $(m'jj-* - 2, »VJk - , nijk - 3)

- l,nijk - 2)]

20
vk[Annkmimj$(mijk - 2, n/7Jt - 1)

j t=i

inj$>(mijk, nijk - 3)

- 3, nijk) +

ijk- ltnijk -2)

,7* - 2, n,7* - 1)]

20
u; #31 '3

+ #22*5 •+ #32*6 "h #13*7 + #23*8 + #33*9)

20

fSS3 = fbs2

+ E22*5 + #32*6 + #13*7 + #23*8 + E33t9)

20

/fas =

- 4, nijk)

i(mi -• l)nj®(mijk - 2, n//* - 2)

x <I>(ml7jk - 3, nlVJt - 1)

x ®(mijk - 2, nl7* - 2) + #22***; (»i -

x &.(mtjk, nijk - 4) + B32[mkni(ni - l)/i

«« (*i '.- l)m7]<D(m/yft - 1, 7iyjk - 3)

ijk - 3, nl7Jk - 1)

nj&(mijk - 1, nj7fc - 3)

+ 2B33(mknj +nkmj)mini®(mijk - 2, /i - 2)}

x {Enmkmimj(mj - \)®(mijk - 4, nijk)

+ E2inknimj(mj - l)$>(mijk - 2, nijk - 2)

+ E3i[mknimj(mj - 1) + nkmimj(mj - 1)]

x O(m/jf* - 3, nijk - 1) + Ei2mkminj(nj — 1)

x 3>(wl7Jt - 2, n,7Jt - 2) + E22nkninj(HJ - 1)

x 4>(m0-jk, n/^ - 4) + JE32[m*ii/7i;-(/ijf - 1)

+ nkminj(nj - l)]4>(m/7Jt - 1, n0-* - 3)

+ 2Enmkmimjnj®(mijk - 3, n/^ - 1)

+ 2E23nknimjnj®(mijk- 1, n,7* — 3)

+ 2E33(mkrii + nkmi)mjnj$(mijk - 2,7iyjk - 2)}
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